In this paper we study the boundedness and the asymptotic behavior of the positive solutions of the difference equation
Introduction
In recent years, the behavior of positive solutions of the difference equations of exponential form has been one of the main topics in the theory of difference equations [1, 2, 3, 4, 5, 6] . In particular, In [2] the authors studied the existence of the equilibrium and the boundedness of solutions of the difference equation
where α, β are positive constants and the initial values x −1 , x 0 are positive numbers. Later in [3] , Fotiades studied the existence, uniqueness and attractivity of prime period two solution of this equation. For similar research on difference equation, we refer the reader to [1, 4, 5, 6] and the references therein.
In this paper, we investigate the global stability, the boundedness nature of the positive solutions of the difference equation
where the parameters a, b are positive numbers and the initial conditions x −1 , x 0 are arbitrary nonnegative numbers. Equation (1.1) could be also viewed as a model in mathematical biology, in which case we consider a to be the immigration rate and b to be the population growth rate of one species x n .
Preliminaries
Let I be an interval of real numbers, and let f : I × I −→ I be a continuous function. Consider the difference equation
where the initial values x −1 , x 0 ∈ I.
The main tool we will use is the following lemma which is a minor modification of Theorem 5.2 in [4] . Before we give the main result of this paper, we establish the existence and uniqueness of equilibrium of (1.1).
Proposition 2.2. Suppose that b < e a . Then (1.1) has a unique positive equilibriumx.
Here we omit its proof since it is similar as in [2] .
Boundedness and the asymptotic behavior of Solutions
The following theorem gives a sufficient condition for every positive solution of (1.1) to be bounded. Observe that for all n ≥ 2,
We will now consider the non-homogeneous difference equations
From (3.3), an arbitrary solution {y n } ∞ n=2 of (3.3) is given by
where r depends on the initial values y 2 . Thus we see that relations (3.1) and (3.4) imply that y n is a bounded sequence. Now we will consider the solution y n of (3.3) such that
Thus from (3.2) and (3.5) we get x n ≤ y n , n ≥ 2.
Therefore it follows that x n is bounded.
Next theorem will study the existence of invariant intervals of (1.1).
Theorem 3.2. Consider (1.1) where relations (3.1) hold. Then the following statements are true:
is an invariant set for (1.1).
(ii) Let ε be an arbitrary positive number and x n be an arbitrary solution of (1.1). We then consider the set
Then there exists an n 0 such that for all n ≥ n 0
Proof. (i) Let x n be a solution of (1.1) with initial values x −1 , x 0 such that
(3.8)
Then from (1.1) and (3.8) we get
Then it follows by induction that
This completes the proof of statement (i).
(ii) Let x n be an arbitrary solution of (1.1). Therefore, from Theorem 3.1 we get
It follows from (1.1) and (3.9) that
Thus from (1.1), we see that there exists an n 0 such that (3.7) holds true. This completes the proof of the proposition.
In the following, we will study the asymptotic behavior of the positive solutions of (1.1). Moreover, every positive solution of (1.1) tends to the unique positive equilibriumx as n → ∞.
Proof. Following by Proposition 2.1 and Theorem 3.2, it suffices to show that any positive solution x n converges to the unique positive equilibriumx of (1.1). So, by lemma2.1, we need to show that (1.1) has no positive solutions with prime period two. Let x, y ∈ (a, ∞) be such that
It suffices to show that x = y, x > a, y > a. From (3.12) we get
x − a be −x and so
Since (1.1) has a unique positive equilibriumx, the following relation holds
(3.14)
We claim that
From (3.13) and (3.14), we have
To prove (3.15) is true, it suffices to prove that for u ≥ a,
(3.17)
From (3.17) we get
Now from (3.10) and (3.18),we have
Since u ≥ a > 0, we have
Using (3.19) and (3.10) we get
Therefore from (3.20) and (3.10) it follows
Hence from (3.21) and as u ≥ a, we get
which implies that (3.15) is true.
Sincex is a solution of the equation F (x) = 0 and (3.15) is satisfied there is > 0 such that
Moreover from (3.13) we have
From (3.22) and (3.23) it follows that there exists exactly one root of F (x) = 0 in (a, +∞). So, (1.1) has no positive solutions of prime period two. The proof is complete.
Then the equilibriumx of (1.1) is locally asymptotically stable.
Proof. The linearized equation of (1.1) at the equilibriumx is
where
From [2] , a necessary and sufficient condition for absolute value of both eigenvalues of (3.25) less than one is |p| < 1 − q < 2. (3.27) that is, by direct computation, 
